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We consider a spacetime formed by several pieces having common timelike
boundary. We establish boundary conditions for fields of various spin and
derive the resulting laws of wave propagation through the common boundary,
which turn out to be quite similar for fields of all spins. As an application,
we consider the case of branching four-dimensional spacetime that may arise
in the context of the theory of quantum creation of a closed universe on
the background of a big mother universe. The theory developed can also be
applied to brane-world models and to the superstring theory.




In this paper, we consider the situation depicted in Fig. 1. It symbolically shows n
d-dimensional Lorentzian manifolds Ms, s = 1; : : : ; n, with common (d− 1)-dimensional
boundary B. The boundary B is assumed to be timelike, so that all the respective inner
normal vector elds nas , s = 1; : : : ; n, at this boundary are spacelike. The boundary B will

















FIG. 1. Multivolume boundary.
Motivation of our investigation is threefold. Firstly, it could be applied to a situation
where the physical four-dimensional spacetime has a nontrivial topology that allows for
branching of the type shown in Fig. 1. Secondly, it can be applied to the study of various
brane-world theories that are now of great popularity among physicists after the seminal
papers [1]. In these theories, the dimensionality d of the spaces Ms is usually equal to
ve, and the boundary B is four-dimensional and is identied with the physical spacetime.
Thirdly, in the important case d = 2, our investigation may be applicable to the superstring
theory. Note that congurations of boson strings of type shown in Fig. 1 with n = 3 were
under consideration in [2].
As a concrete example of application of our theory, we consider the case of branching
four-dimensional spacetime (Sec. VI). The issue of such branching may arise in the context
of the theory of quantum creation of a closed universe on the background of a big mother
universe [3]. It is conceivable that the created baby universe does not become spatially
separated from the mother universe, but rather remains glued with it over some common
three-dimensional volume. The corresponding situation is depicted in Fig. 3 of Sec. VI,
which shows the mother universe M1 and the baby universe M2 glued over the volume
M3. All the three volume regions M1, M2, and M3 may evolve metrically preserving the
topological conguration as shown in Fig. 3. One of the important physical questions in this
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situation is the issue of the behavior of various physical elds in this topology, in particular,
the conditions of propagation of waves through the boundary B common to all three volume
regions.
In approaching this issue, we rst establish the boundary conditions for elds of various
spins (Secs. II{IV) and then consider the resulting laws of wave propagation through the
boundary B (Sec. V). In principle, the boundary conditions at B may be specied in
many dierent ways. However, with a natural requirement that the spaces Ms be treated
symmetrically irrespective of their order, it turns out that there are precisely two versions
of boundary conditions for each spin. This is one of the reasons why we pay attention to
spaces with the topology specied above and propose to study them in greater detail.
Concluding remarks are presented in Sec. VII.
II. BOUNDARY CONDITIONS FOR THE METRIC
We start with considering boundary conditions for the metric because the actions for
all other elds involve ingredients (for example, the volume element) associated with the













where M is the Planck mass, R is the scalar curvature, and Ks is the trace of the extrinsic




arcnb ; K = Kabhab ; (2)
where hab = gab + nanb is the metric induced on a timelike boundary. The natural volume
elements are implied in all the integrations over M and B. The cosmological-constant terms
can be added to action (1) for each space Ms, and their contribution to the equations that













Here, Gab is the Einstein’s tensor, h
s
ab is the metric induced on B in the space Ms, and the
variations habs are completely determined by the variation g
ab of the metric in M. Note
that each of the well-known Gibbons{Hawking boundary terms [4] in action (1) is required to
1We allow ourselves to freely raise the index s that labels the manifolds Ms hoping that this will
not cause any confusion.
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consistently obtain the Einstein equations in the respective volume space without restricting
variations of the metric at the boundary B.
We impose the most natural boundary conditions for the metric, namely, that the induced
metric on B is one and the same in all the spaces Ms, s = 1; : : : ; n. The complete set of
boundary conditions obtained with the account of (3) is then
h1ab = h
2
ab =    = hnab ;
∑
s
Ksab = 0 : (4)
Note that if one formulates the variational principle with the boundary conditions (4)
imposed prior to variation, then the Gibbons{Hawking boundary terms can be omitted, as
























III. BOUNDARY CONDITIONS FOR SCALAR AND VECTOR FIELDS








where the bar denotes complex conjugation, the integral is taken over the whole manifold
M = [sMs shown in Fig. 1, and the natural volume element is implied. The derivative
ra may involve contribution from the gauge vector eld.
In formulating the boundary conditions at B, we proceed from the following natural
principles. Let s denote the restriction of the scalar eld  to the space Ms. We are
going to relate the value of s with the values of r, r 6= s at the boundary. This relation
must be linear (in order to respect the superposition principle), and the spaces Ms must be
regarded as physically identical. With these requirements, we arrive at the following general




r ; s = 1; : : : ; n ; (7)
where  is some constant to be determined. Possible values of  are obtained from the
additional requirement that the boundary conditions (7) allow for nontrivial solutions at
the boundary. This gives only two possible values of the parameter :
 =
1
n− 1 and  = −1 : (8)
Notably, the condition  = 1=(n− 1) simply implies the continuity of the scalar eld in the
manifold M = [sMs, i.e., the condition 1 = 2 =    = n, while the condition  = −1
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leads to the single equation
∑
s s = 0. To obtain other conditions at the boundary, we vary
the action respecting the boundary conditions (7) and demanding that the variation be zero.

























According to the value of  in (7), we obtain, besides the Klein{Gordon equations of motion
in the bulk, also the additional boundary conditions.
A. Case of α = 1/(n − 1)




sras = 0. We summarize the
boundary conditions obtained in the case under consideration:
1 = 2 =    = n ;
∑
s
nasras = 0 : (10)
B. Case of α = −1
In this case, the complete set of boundary conditions is
∑
s
s = 0 ; n
a
1ra1 = na2ra2 =    = nanran : (11)
Both sets of boundary conditions (10) and (11) imply the sum rule for the components
of the conserved current Ja = i
(
ra−  ra 
)





a = 0 : (12)
The boundary conditions (10) also imply that the components of the current along the
boundary surface B are the same in all the volume spaces.

































The boundary conditions at B naturally will involve only the components of Aa tangent
to B, which we denote by Aka. Similarly to Eq. (7), we write the most general expression




Akar ; s = 1; : : : ; n ; (15)
where, by reasoning similar to that of the scalar case, the constant  is equal either to
1=(n− 1) or to −1.
A. Case of α = 1/(n − 1)
In this case, the values of Aka are the same at all the sides of the boundary B. Variation
of action (14) yields the Proca equations (the Maxwell equations, if m = 0) in the bulk and

















b = 0 : (16)
B. Case of α = −1












b =    = F abn nnb : (17)
IV. BOUNDARY CONDITIONS FOR THE DIRAC FIELD













where ra denotes the standard covariant derivative of the Dirac spinor  that may include





















where  s,  s are, as usual, the restrictions of the spinor elds to the space Ms.
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The specic feature of the spinor eld is that it is referred at each point to a particular
orthonormal basis (called tetrad in the case of d = 4). Thus, in order to formulate the
boundary conditions for the Dirac eld, we must take this circumstance into account. We
need to relate the spinor elds  s, s = 1; : : : ; n, as we reach one and the same point at
the brane B moving in dierent spaces Ms. At each point x 2 B, we have to choose n
orthonormal bases, one in each space Ms, s = 1; : : : ; n, to refer the corresponding values of
the Dirac eld to these bases. For a convenient formulation of the relations between these
elds, the n bases are to be chosen in a naturally coherent way. We choose d−1 of the basis
vectors fea1; ea2; : : : ; ead−1g at any point x 2 B to be arbitrary orthonormal vectors tangent to
B, the same for all the n spaces Ms, s = 1; : : : ; n. Then the d-th vector of the orthonormal
basis in each space is determined uniquely up to sign, and we choose it to be the normal
vector nas , s = 1; : : : ; n, respectively, in each of these spaces. Thus, the basis at each point
x 2 B in the space Ms is fea1; ea2; : : : ; ead−1; nasg.
Next, it is clear that the spinor at one side of the brane B may be related not only to
the corresponding spinors themselves at the other n− 1 sides, but also to their values in the
bases reflected in the plane tangent to the surface B. To clarify this point, we consider a






FIG. 2. Two-volume boundary.
Given a Dirac spinor eld which is continuous in M, its values at B in the bases
fea1; ea2; : : : ; ead−1; nasg, s = 1; 2, chosen by the procedure described above are related by the
operation of reflection which performs the transformation of the Dirac spinor  from the ba-
sis fea1; ea2; : : : ; ead−1; nasg to the reflected basis fea1; ea2; : : : ; ead−1, −nasg (since na2 = −na1). For
simplicity, we consider the important case where the dimensionality d is even and dene the
corresponding matrix operator of reflection as N = γd+1γ
ana, so that it obeys the relation
N2 = 1. Then we have
 1 = N 2 ;  2 = N 1 ; (20)
where the sign ambiguity reflects the fact that the spinor representation of the Lorentz group
is double-valued.
Conditions (20) correspond to the continuity of the spinor eld in the space M thus
indicating that the surface B is only imaginary or unphysical. However, it will be shown
very soon that the boundary conditions (20) may be obtained from the variational principle
starting from more general conditions, namely,
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 1 = ( + N) 2 ;  2 = ( + N) 1 ; (21)
where  and  are some constants. Thus, it appears reasonable to impose the general
boundary conditions of the type (21) also in the case shown in Fig. 1.
We proceed with the analysis of the situation shown in Fig. 1 and impose the discussed




( r + N r) ; s = 1; : : : ; n ; (22)
where  and  are constants.




(1N) ; N  =   : (23)
Then the requirement that system (22) have nontrivial solutions both for  +s and for  
−
s ,
s = 1; : : : ; n, at the boundary leads to the equation
[




= 0 ; (24)
which must be satised both by z =  +  and by z = − .
Two solutions of these equations for ,  have  = 0. In this case, Eq. (24) implies that
either  = −1, or  = 1=(n − 1). It is easy to verify that the variational principle (19) in
both these cases will lead to the additional condition  1 =  2 =    =  n = 0 at the surface
B, which, together with the Dirac equation in the bulk, will imply vanishing of  all over
the space M. Thus, the boundary conditions with  = 0 should be rejected as leading to
only trivial solutions.
Consider the remaining two solutions with nonzero , namely,
 =
2− n
2(n− 1) ;  = 
n
2(n− 1) (25)
that dier in the sign of . By writing the elds on the boundary B in the form (23) and
by using the property of the reflection operator
NγaNna = −γana ; (26)
one can easily verify that both cases (25) imply the identical vanishing of the boundary term
in the variation (19) of the action. Thus, both cases (25) can describe the physical situation,







(2− n) r  nN r
]
; s = 1; : : : ; n : (27)
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As in the scalar case, these boundary conditions also imply the sum rule for the components




a = 0 : (28)
One can see that in the particular case of n = 2 we obtain precisely conditions (20),
which imply continuity of the Dirac eld all over M. Note also that, in the case n = 1, i.e.,
where B is the boundary of only one volume space, the boundary conditions for the Dirac
eld can be formulated as
 = N ; jj = 1 ; (29)
which are precisely the boundary conditions used in the superstring theory.
V. WAVE PROPAGATION THROUGH THE BOUNDARY
In this section, we apply the equations obtained to the particular interesting case of wave
propagation in the space shown in Fig. 1. We shall derive the laws of wave transmission
through and reflection from the brane B.
First, consider the simple case of a scalar eld. Let, in the region M1, a wave that obeys
the Klein{Gordon equation and propagates towards the boundary B be denoted by (+)1 . We
denote its value at B by B and its derivative normal to the boundary B by 0B  na1ra(+)1 .
Then the wave which we call the reflected wave and denote by 
(−)
1 is constructed by imposing
the same boundary values, 
(−)
1 = B, and by reversing the sign of the derivative normal
to the boundary B: na1ra(−)1 = −0B. For example, in the case of propagation in a flat
spacetime M1 with the surface B described by the equation x1 = 0 in the natural spacetime
coordinates t, x  (x1; x2; : : : ; xd−1), the plane waves of this kind will be given, respectively,
by 
(+)
1 = exp(−i!t + ik  x) and (−)1 = exp(−i!t + ik0  x), where the wave vector k0 is
obtained from k by reversing its x1-component. The waves 
(−)
s , s = 2; : : : ; n, propagating
away from the boundary, respectively, in the regions Ms, s = 2; : : : ; n, are constructed by
imposing the boundary conditions (−)s = B, n
a
sra(−)s = −0B, s = 2; : : : ; n, at the surface
B. We will assume that solutions (−)s with the boundary conditions imposed exist globally
on Ms, s = 1; : : : ; n, respectively.
We are looking for a solution that contains both waves falling towards B and reflected
from B in the region M1, but only waves propagating away from B (transmitted waves) in





1 ; s = s
(−)
s ; s = 2; : : : ; n ; (30)
where  is the amplitude of wave reflection and s are the amplitudes of wave transmission
to the spaces Ms, s = 2; : : : ; n, respectively.
To determine the amplitudes of reflection and transmission, we apply the boundary
conditions obtained in Sec. III. In the case of the boundary conditions (10), we obtain
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{
1 +  = 2 = 3 =    = n ;
1− −∑ns=2 s = 0 ; =)
{
2 = 3 =    = n = 2=n ;
 = (2− n)=n : (31)





s=2 s = 0 ;
1−  = −2 = −3 =    = −n ; =)
{
2 = 3 =    = n = −2=n ;
 = (n− 2)=n : (32)
We see that, in both cases, the same amount of energy [the fraction (n− 2)2=n2] is reflected
back to the spaceM1 and the same equal amount of energy (the fraction 4=n2) is transmitted
to each of the n− 1 spaces Ms, s = 2; : : : ; n.
The results for the case of a vector eld and for linearized gravitons are essentially the
same. For the vector eld, we introduce the wave A(+)a propagating towards the surface B in
the regionM1 and construct the reflected wave A(−)a by keeping the component Aka tangent to
B intact and by reversing the sign of the value of F abnb at B. For a weak gravitational wave,
we introduce the similar eld g
(+)
ab and construct the corresponding reflected wave g
(−)
ab by
keeping the induced metric hab at B intact and by reversing the sign of the perturbation
of the extrinsic curvature Kab at B. Then, proceeding in precisely the same way as we did
in the scalar case, we obtain the same amplitudes of reflection and transmission. Again, the
only dierence between cases A and cases B of Sec. III for the vector case is in the relative
phases (signs of the amplitudes) with which the waves are reflected and transmitted. The
reflection and transmission amplitudes for gravitons will be given by (31).
The case of propagation of the Dirac eld is also considered quite similarly to the scalar
case. We denote by  
(+)
1 the wave that propagates towards the boundary B in the region
M1, and by  B we denote its value at B. Then the reflected wave  (−)1 is constructed by
imposing the reflection boundary condition  
(−)
1 = N B at B and by subsequently solving
the Dirac equation in M1. Similarly, the waves that propagate away from B in the spaces
Ms, s = 2; : : : ; n, are constructed by imposing the conditions  (−)s = N B at the boundary
B and by subsequently solving the Dirac equation in Ms. We assume that such solutions
exist globally inMs, s = 1; : : : ; n, as will be the case in a flat spacetime with a flat boundary
considered while discussing the scalar case. With waves thus constructed, we set
 1 =  
(+)
1 +  
(−)
1 ;  s = s 
(−)
s ; s = 2; : : : ; n : (33)
Again,  is the coecient of reflection, and s, s = 2; : : : ; n, are the corresponding coecients
of transmission of waves.
In applying the boundary conditions (27), it is convenient to use the decomposition
 =  + +  − dened by (23) at the boundary B and to write the boundary conditions for
the  + and  − components separately. With the upper sign in (27), we obtain precisely
the set of equations (31) while, with the lower sign in (27), we get precisely the system of
equations (32). Thus, we conclude that the laws of wave reflection from and transmission
through the brane B are similar for all the spins considered.
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VI. BRANCHING UNIVERSE
In this section, we consider the example of a universe with spatial three-dimensional
topology as shown in Fig. 3. Here, we have three spaces M1, M2, and M3 with topology






FIG. 3. Branching universe.
We assume that the topology described may arise in the context of the theory of quantum
creation of a closed universe on the background of a big mother universe [3]. It is conceivable
that the created baby universe does not become spatially separated from the mother universe,
but rather remains glued with it over some common three-dimensional volume. Then Fig. 3
can be interpreted as showing the mother universe M1 and the baby universe M2 glued
over the volume M3. All the three volume regions M1, M2, and M3 that have common
boundary B may evolve (expand or contract) preserving the topological conguration shown.
One of the important physical questions in this situation is the issue of the behavior of various
physical elds, in particular, of the metric, in this topology.
Consider the case where the metrics of the pieces M1, M2, and M3 are the usual
Friedmann{Robertson{Walker metrics given by the line element
ds2 = dt2 − a2(t)dΩ3 ; (34)
where
dΩ3 = d




sin for  = 1 ;
 for  = 0 ;
sinh for  = −1 ;
(36)
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dΩ2 is the line element of the unit two-spherical geometry, and the discrete parameter 
indicates the type of the spatial geometry. The time coordinates ts, the scale factors as(ts),
the angles s, and the functions fs(s) specied by the numbers s are to be introduced for
each space Ms, s = 1; 2; 3, separately.
We consider the natural boundary conditions (4) for the metric eld. Let the position
of the brane B be described by the function  = (t) in the metric (34). The components
of the extrinsic curvature of the brane in the interior part of the space    are given by













; i; j = 1; 2 ; (37)
where the overdot denotes the time derivative.
In general, the possible motions of the brane in each of the three pieces will be determined
by the boundary conditions (4), and this is not an easy problem even in the symmetric case
that we are considering now. One special situation can be analyzed in the case where the
three spaces expand in a similar way so that their Hubble parameters H  _a=a coincide as
functions of time, which can be chosen common to all three spaces. Then solutions exist
for which _  0 in each of the spaces, i.e., the brane expands together with the universe.





1− s (r=as)2 = 0 ; (38)
where s = sign f
0
s(s). Note that s = 1 for hyperbolic and flat spatial geometry (s =
−1; 0) while, for spherical spatial geometry (s = 1), s = 1. Then, with the topology
shown in Fig. 3, one can conclude from Eq. (38) that at least two of the spaces Ms must
have spherical spatial geometry. Let these spaces be M1 and M2. If, moreover, we suppose
that r  a1; a2 and 1 = 2 = −1 (the situation actually depicted in Fig. 3) then it is
necessary that the third space M3 have hyperbolic spatial geometry and r  a3. To avoid
misunderstanding, we stress that these conditions are valid only for scaling solutions under
consideration (identical Hubble parameters and _  0 in each of the spaces). More general
solutions with the topology of Fig. 3 remain to be investigated.
The general laws of propagation of waves of various elds through the boundary B were
described in the previous Sec. V. In particular, as a wave for which the notion of the
direction of propagation is well specied reaches the boundary B in the space M1, 1=9-th
part of its power is reflected back to the space M1 while 4=9-th parts are transmitted to
each of the spaces M2 and M3.
VII. DISCUSSION
Spaces with topology as that shown in Fig. 1 may naturally arise in various physical
contexts, namely, in the theory of four-dimensional spacetime, in the theory of brane worlds,
and in the (super)string theory. It is therefore important to study the possible boundary
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conditions at the common boundary B and their physical consequences. In this paper, after
establishing the boundary conditions, we studied the issue of wave propagation through the
boundary B. It turns out that the laws of wave transmission through and reflection from
the common boundary are quite similar for elds of all physical spins.
We considered the particular case of branching four-dimensional spacetime and presented
a partial solution for the metric with topology shown in Fig. 3. The aim of the subsequent
investigations in this direction will be to investigate the case of branching universe in more
detail and to study their physical implications. One of the ideas is to identify regions of
type M3 in Fig. 3 with the observed voids in the large-scale distribution of galaxies in the
universe (see [5]).
String congurations of type shown in Fig. 1 with n = 3 were studied in [2] with the
natural boundary conditions (10) for the target space coordinates on the string world sheet.
It would be interesting to study such congurations in the superstring theory with the
additional boundary conditions (27) for spin-1/2 elds.
In the case of integer spin, one may wish to view the boundary conditions A [with
 = 1=(n− 1)] of Sec. III as more physical than the boundary conditions B (with  = −1)
since, in the rst case, the elds are continuous in the manifold M and, in the second case,
they are discontinuous at the surface B. However, one should not discard the boundary
conditions of type B altogether before studying them in greater detail.
APPENDIX: VARIATION OF THE ACTION FOR THE METRIC
Here, we derive the expression for the rst variation of the action for gravity (up to the








where B is the boundary of M, hab = gab +nanb is the metric induced on B, Kab = hcarcnb
is the extrinsic curvature of B, and K = Kabhab is its trace. In contrast with the standard
derivation, here we do not assume that the variation of gab vanishes at the boundary B,
which is taken to be timelike.
We start from the standard expression (see, e.g., Appendix E of [6], but note that we















va = rb (gab)− gcdra (gcd) : (A3)






















gbd [ra (gcd) +rc (gad)−rd (gac)] : (A7)
The rst term in the right-hand side of (A6) is identically zero. Indeed, we have na =
nanbn
b, so that
habranb = (nanb + nanb)ranb = (na + nancnc)nbranb
= nchacnbranb = ncnbKcb = 0 :
(A8)












nchabrc (gab) + 2habranb −Khabhab
]
; (A9)
where the last term in the square brackets stems from the variation of the volume elementp
h dd−1x in the integral over B.
The total boundary term in the variation of action (A1) is given by the sum of (A4) and





nahbcrc (gab) + 2habranb −Khabhab
]
: (A10)
We transform the rst term in the integrand of the last expression:











(Kab −Khab) hab : (A12)
Now we show that the integrand of the rst integral in (A12) is a divergence, so that
this integral vanishes for variations of gab with compact support in B. Indeed,
14


















where Da is the (unique) derivative on B associated with the induced metric hab, and the
last equality in (A13) is valid by virtue of Lemma 10.2.1 of [6].








(Kab −Khab) hab : (A14)
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